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INTRODUCTION 
In this note we consider the Kuramoto-Sivashinsky equation on the 
domain Q = ( -L/2, L/2), where L > 0 is given, 
(0.1) 
u(x, 0) = 24()(x) (0.2) 
with periodic boundary conditions 
2 (-L/2, r) =g (L/2, t), i=O, 1,2,X 
Above, v >O is a given number, U”E L*(Q) is a given odd real valued 
function, and u is unknown. 
Generally, it is believed that the dynamical system generated by the 
above equation features similar properties as the one generated by the 2D 
Navier-Stokes equations with periodic boundary conditions. In this note 
we discuss an interesting difference which occurs when we observe 
solutions in the negative time regime. In the case of 2D Navier-Stokes 
equations with periodic boundary conditions it is proved in [l] that the 
set M of all initial data such that the corresponding solution u exists for 
every t E R and satisfies 
lim sup 1% b(f)lL~< x 
I-f-X ItI 
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is nonempty. In fact, the set A4 is large in the sense that PM= PH, where 
P is an arbitrary finite rank spectral projector of the Stokes operator and 
H is the ambient Hilbert space in the usual functional setting of 
Navier-Stokes equations; see, e.g., [2] for the notation. It is proven below 
that in the case of the Kuramoto-Sivashinsky equation (0.1) (0.2) (0.3) 
the set M reduces to the universal attractor .c9, therefore a solution u outside 
the attractor either can not be extended for r E R or satisfies 
lim log lu(t)l I.2 
ItI 
= x, 
r-1 7 
if the contrary is true. The proof of this result is based on the estimates 
given in [2, pp. 137-1471. 
1. NOTATIONS 
Let us introduce briefly the notions necessary to rewrite Eq. (0.1 ), 
supplemented with (0.2) and (0.3) in the usual functional form. For more 
detailed explanation the reader is referred to [2, pp. 137-1401. 
Let 
H = u E L’(Q): sL:2 u(x) dx = 0, u odd} 
and note that H is a Hilbert space with the scalar product 
(u, t.) = r’il,, u(x) v(x) dx 
and the norm Iu( = (u, u)‘j2. For k E N, let H&,(Q) denote the set of all 
members of the Sobolev space Hk(Q) such that u and all its derivatives 
up to the order k - 1 are periodic with period L. We introduce the set 
V= H&(Q) n H which is a Hilber space with the scalar product 
and the norm jlull = ((u, u))‘,‘. Let A, R be the closed linear operators in 
H, defined by 
Au = D4u, Ru = D2u 
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with domains D(A) = Hi,,(Q) A H and D(R) = V, respectively. Also, let B: 
V x I/ + H be the continuous bilinear form defined by 
s L/2 (B(u, u), w)=b(u, 0, w) = u Dow dx, u, v, w E v. -L/2 
It is easy to check that 
(B(u, u), u) = b(u, 24, u) = 0, UE v. (1.1) 
Now, Eq. (O.l), equipped with (0.2) and (0.3), is equivalent to the abstract 
evolution equation 
with the initial condition 
40) = uo, (1.3) 
where u. E H is given and u is unknown. The equality (1.2) takes place in 
V’, the dual of V. 
2. THE MAIN RESULT AND ITS PROOF 
The lemma below is proved in [2, p. 1421: 
LEMMA. Let c( > 0 be given and consider 
2rckx 
q(x)=2cr E cos L’ 
k=l 
If M is larger than a certain integer depending on tl, L, and v, theafollowing 
is true: 
(vD4w-qw, ~)+D~w~~+r IwJ’, WED(A). 
COROLLARY. For every p > 0 there is a function 4 E D(A) such that 
(vAw+B(h w)+B(w, #)+Rw, w)>B Iw12, WE D(A). (2.1) 
The estimates used in the proof of this statement can be found in [2, 
pp. 144, 1453. 
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Proof. Fix a > 0, take 
and note that q = -(l/2) DC& The expression on the left hand side of (2.1) 
is equal to 
v(D4n: w) + j”’ 
L;‘2 
1~5Dwwdx+ 
s 
w D# u’ dx- lDw,l* 
.- L/2 ~ L/2 
=v(D4h.,~r)-~~~~;; w*qdx- IDwl” 
= (D4w - qtc, w) - lDw12, WE D(A). 
Now, use the lemma and the interpolation inequality IDwl* d /WI ID*wI to 
notice that the last expression is greater than or equal to 
; ID*w(*+o! (WI*- jD*w) IwI 
2; lD*wl’+~ lw~j*-f lD*wl’-; lwl* 
Here we can choose c( = 1/2v + /I and the proof is finished. 
THEOREM. Let u: R -+ V he u solution of (1.2), (1.3) and suppose that 
u(O) = u0 does not belong to the universal attractor .c4 of (1.2), (1.3). Then 
lim 1% l4t)l 
Itl 
= ns. f--t- T 
Proof: Let J > l/2 be arbitrary, let u be as above, and choose C$ E D(A ) 
as in the corollary. Then 
v(t)=u(t)-q5, tER 
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satisfies the equations 
where 
dv 
z+vAv+B(v,~)+B(~,u)+B(u,v)+Rv=~ 
u(O)=u,-4, 
$ = - 4 - WA 4) - Rd. 
(2.2) 
(2.3) 
Taking scalar products with u on both sides of Eq. (2.2), and using (1.1) 
and (2.1) we get 
Hence, if we denote CI = 2p - 1 > 0, it follows that 
-$ lu12+c( lv12d I$I’. 
We obtain 
and this in turn is equivalent to 
,v(t)/2>@f+ Iv(t ),2-111’ 
’ ct ( 
1 
LY > 
&‘I -r) 3 t<t,. 
It is a consequence of [2, Theorem 111.4.11 that u0 4 LA? implies 
lim,, ~a3 lu(t)l = co. It follows that lim,, -,~ Iv(t)1 = co, and there exists 
t, ER such that jv(t,)12- ~$~2/cc>0. For such a t,, (2.4) implies 
lim inf 1% Iv(t)1 
3 a/2 
1+-J; I4 
and therefore 
lim inf 1% l4t)l 3 a/2. 
I--t-n; I4 
Since B > l/2 was arbitrary, and since tl = 2/3 - 1, the result follows. 
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